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Preface to the first edition. 


The present edition of Geometry is intended for the liso 
of students tikinj^ up Mathemiitics in the Intermediate Exa- 
mination of the Punjab University. The books generally in 
use in the Colleges here cover much more ground than that 
covered by the Syllabus laid down by the Mathematical Board 
and are on that account often perplexing to the averat^e 
student from the prolixity of the matter dealt with in them. 
In preparing the present voliim >, therefore, I have kept in 
view the Syllabus presciibed by the Unix orsity, and have en- 
deavoured to follow the lines suggi'sted as closely as possible. 
The present book never aim< at supplanting the standard 
works on the sulijoct, but is only a trade imcnm to bo used by 
the student for the piirpoiijs ot hi-i oxamination. In order to 
increase its value I liave taken care to inseit in the book a num- 
ber of Que.lioii-, -.elected fiom cxmiination papers, and where 
necessary have given liinti for tli-ir solution. Any simgetions 
to make the book more u-efnl will bo welcome; and would be 
gladlv incorporated in fntiiro ed tions should such odiuons be 
ever in deni ind. Typograpliie il enors wlnc'i, inspite of care- 
ful proof-reading, may have c ept in will also, if pointed out 
to the author or the pnhlsliers he thankfully corrected. In the 
end, I shall consider my l.ihon s well-‘-pent if those for whom 
the bock is meant derive any benefit from it. 

My thanks are due to Lain Brij Lai Pari, B. A., for 
the kind readiness w tli which ho read through the proofs, 
while tlie book was in the Press; as, without his timely aasist- 
ancj there would hav<i been some delay in iti publication. 


D. A V. College, 

Lahore 

Dale I 2Ul September, 1912 


; 


K. M. GHOSH. 



Preface to the third edition. 


It this edition the book hai been thoroughly revised 
and tlie serial number of the propositions has been changed, 

I am greatly indebted to S. N. Das Gupta Esq., M. A., 
Professor of Mathematics, F. C. College Lahore, who kindly 
revised the book and made some very valuable changes and 
additions. 


D. A. V. College, 

Liihore, 

September. 191^* 
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K. M. Gbosh. 



ERRATA. 


Pjiojo 7 Stop 2. Iftt Vmo for L aR read L R 

„ 8 Prop, f> Fignro — t,he lino SO appears to be 

})i<)k(‘n l)ofAvoon /ji and O 

Patre^ 24 /or Prop 0 read Prop. 16 

,, 27 Afi(‘i ll)o ex<M’cise.s and hcToro IVop. 17 add 

1 lu‘ follow n^ • — 

Homothetio Fig* ares— Two figures are said to bo 
wIk'm tli(‘ straight line joining eveiy two points 
of tlie one is paialhd to the straight line joining the 
oorr(‘spo!iding points of the other. 

‘^Tvvosiicli figuies ar(» sometimes said to ho similiar 
and sinnlaily iilaced” — 

\^l)er\rahon — Fi om /iOmo = same and tliesisr=zio place 
to set.] 

Pago 28 linell for read “ ” 




PUNJAB UNIVERSITY SYLLABUS FOR INTER- 
MEDIATE EXAMINATION PLANE GEOMETRY 
OP THE STRAIGHT LINE AND CIRCLE. 

As for the Matriculation Examination with the JoUotcihj 
additions : — 

If A, B, C, D, bo four points taken in order on a st, line 
AB . CD+ BC . AD+ CA . BD = 0 , (Prop. 22) 
In any triangle, tac perpendiculars at the middle points 
of the sides (Prop. 1), tire perpendiculars from the vertices 
on the opposite sides (Prop. 4), tbs bisectors of the angles 
(Prop. 2), and the medians, are severally concurrent. (Prop. 3) 
The feet of the perpendiculars on the sides of a triangle 
from any point on the oircuinoircle are collinear (Prop. 8). 

The existence and simpler properties of the nine points 
circle. (Props. 5 & 6) 

It ABC be a triangle and AD a median 

AB 2 + AC=« = 2BD2 + 2AD'^ (Prop. 7) 

If ABC be a triangle ami AD the bisector of an angle 
BA . AC=BD . DC-I-AD^ . (Prop. 9) 

If ABC be a triangle and AD the perpendicular on the 
base from A, and AE the diameter of the circumcirclo 
through A. 

BA . AC*EA . AD . (Prop. 10). 

ABCD be a quadrilateral inscribed in a circle 

AC . BDsAB . CD+BC . AD (Prop. 11) . 
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Dpteriniiiakion of radical axis (Prop. 20) and radical ce- 
ntre of circles (Prop. 21) the locus of a point, the ratio of whose 
distances from two given points is equal to a given ratio is a 
circle, <Prop. 16) 

If two rectilinear figures be similar they can he jdaced, 
so that the lines joining their corresponding vertices are 
concorrent. (Prop. 17) 

If two rectilinear figures he similar, tlieir corresponding 
sides and diagonaU are proportional. (Prop. 18) 

Arcs of a circle are prop')rtional to the angles subtended 
by them at the centre. (Prop 19) 

If three concurrent st. linos he drawr from the an(yular 

o 

points of a triangle to meet the opposite side-?, the product 
of the three alternate segments taken in order is equal to the 
])roduot of the other three segments (Ceva’s Theorem), and 
conversely. (Prop. 12 and 115.) 

if a transversal cut ilie three sides of a triangle the 
product of the three alternate segments taken in order is 
e(}iial to the product of the other three segments (Menelaus ’ 
Theorem) and conversely. (Prop. 14 and 15) 



FLAITE aSOMETHY 


Concurrence of Certain lines. 


Proposition 1. 

Jn anxj triarxgJe^ the perpendiculars drawn at the mi Life 
points of the sides are concurrent. 

Lot ABC be a triangle and D,E,F tljo rnid-poinfs 
ofAB, A(' and BC. Then the X.9 to the sides at D,E,F 

shall be concurrent. 


A 



From D and E draw perps. to AB and AC and 
let them meet at 0. Join OF. 

It is reguirt d to prove that OF is BC. 

Joint OA, OB, OC. 

Proof. 1. Then •/ 0 lies on the right bisector of 
AB, 0A«0B. 
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PLANE GEOMETRY. 


Similarly OA=sOC. /. OB = OC. 

2. Now in the OBF, OCF, *,• BF = CF (Hyp.}; 
OF is common and OB=OC (proved); 

Z.OFB=»Z OFC «= one Kt, angle. 

8. OF is ± BO. 

Hence the thrt e J_« OD, OE, OF meet at the same 
point 0. 

Notk.-O is the clroum-oentre of A ABC. 
Exeroisps. 

1 - Through A,BiC draw parallel? to the opposite sides forming 
the triangle A' B' Provo, from this tria igle, that the altitudes oi 
the triangle ABC are concurrent. 

2 . Two triangles have one side of the one equal to one side of 
the other, and have the angles opposite to these sides supplementary ; 
pro\'e that they have equal circiim-radii. 

3, Provo that the circuraradii of similar triangles are in ratio 
of their correspor ding sides and hence shew that similar triangles are 
to one another as the squares of their circumradii. 

The base and vertical angle of a triangle being given, the 
circumradius is constant. 

Proposition 2- 

The bis dors of the angles of a triangle are concurrent. 

Let ABO 1)0 a A ; it is required to prove that tluv 
bisectors of the angles^ of this triangle are concurrent. 


A 



Bisect L s, B,C by BI, Cl which . meet at I. 
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Join lA ; lA shall hiseet L A 

From I, draw IP, IQ, IR perpendiculars to the sides. 

Proof. 1. '/ BI U tiie bisector ^ ZB, /. it is 
the locu-s of points eqnrdLitant from AB and BC, /. ir = lQ. 

2. Similarly 1Q**IR. 

IP=IR !>., X is a point, equidistant from AB 
and AC. 

3. And hence it must lie on the bisector of L A, 

I A bisects Z A. 

Hence the bisect jrs of the three Z s. of the A meet 
at 1. 

Note.— I is the in-oentre of the A ABC. 
Exeroises; 

5 . Prove that AP+BQ-l-CR=*PB4-QC4-BA=s, where 2s- 7+6-f c. 

6 . Prove that AP«AR=s-rt; CR=CQ=s--(J ; BP-BQ=s-&. 

7. Tho In-centre of an eiuilataral triangle coincides with its cir' 
cum centre. 

8 . Prove that the in-radii of similar triangles are in ‘ihe ratio of 
their corresponding sides. 

Proposition 3. 

The medians of a triangle are concurrent. 

Let ABC bo a triangle. 

Draw ihe meiHans BE and CF and let them meet 
‘'^t G. Join AG. 
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It is require 1 to prove that AG produced bisects BC 

atV. ^ 


Through C, draw CK || BE, meeting AD produced 
at K. 


Join BK, 

Proof. 1. In A ACK", E is the mid-point of AO 
and EG [| CK {Co?is,^ 

G is the mid-point of AK. 

2, Agi^jn in AABK, G is the mid-point of AK 
(Proved,) 

And F i# the mid-point of AB ( Cons,] /. GF, CP 
is I) BK. 

3. H^nce GBKC is a parl“^ and its diagonals bisect 
each other j D is the mid-point of BC ; i, e,, AD is a 
median. 

The fn3dians of the triangle meet at G. 

NoTK,-«The point G is called the CdHtroid of the 
A ABC. 
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Exercises. 

9. Prove that G is a point of trisection of each median. 

10 . Given the three m^idians of a triangle ; construct it. 

11 . Prove that AG^ +110^ + CG" = + + 

12 . The base and area of a triangle being given, find the locus 
of its centroid. 

13 * The base and vertic\! angl3of a Iriurgle being given, show 
that the locus of the centroid is an ar. gf a circle. 

ORTHOOENTRE AND PEDAL TRIANGLE. 
Proposition 4. 

TIi£ three aUUndes oj a 'triangle are concurrents 

Draw BQ, (/ll JL to AC\ AB ; lot. th«m meet at 0. Join 
AO and produce it to meet BC in 


A 



We have to prove that AP is to BC* 

Join KQ. 

Proof. 1. ARO, AQ*) are rt. Ls,, 

A,U,0,Q are couoyolic ; 

2. Hence L AQR« ^ AOR^ same seg- 

ment, = L POC, lieing vertically opposite. 

3. Again, on the same base BC, there are two Air 
BRC, BQC having their verticvil Ls R, Q«=one rt. anglo 
each. 
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PLASE GEOM'ETtlY. 


B, R, Q, C are concyclic. 

• 4. id RQB = R(’B, lieing in the same segment, 

but L RQV=Z.POC (stop 2). 

5. L ROB+ L POC= L KQ1+ L RQA 

= Z AQB 
= 0110 rt. angle ; 

Z OPC is a rt. angle. 

Hopoj AP is pDrpenJicuIar tj BC, an ! the three 
altitudes are concurrent. 

D./. — The point 0, whee tie three altitude meet 
is called the ortliooentre and thr triangle PQR, formed 
by joining the fji t of the perpendiculars is called the 
pedal or orthooentrio triangle. 

Exercises. 

14. Every two sides of tho pedal- trU.nglo ara oqn'illy inclioed 

to that side of theori.^iaal triangle in which they Henca shew 

that the orthocentro of a trliugle is the iocentroof the pedd trianglo. 

15. Find the angles of the p^dal triangU in terms of those of 
the original ^|ri«ngle. 

10. Any Qno of the 4 points 0, A, B, C is the orthocentre of 
the triangle formed by joining the othor tbreo. 

17* Th© distance of each vertax of a triangle from the orthocentre 
U doable of the perpendicaUr drawn from the circumcentre to tho 
^opposite ^ide. 

18. If AO produced meats the oircumairclc at G, prove th«at P is 
the middle point of 00. 

19. The basa BO and the opposite angle A being given, show that 
OA is of constant length. 
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Proposition 6. 

NINE POINTS CIRCLE. 


T 


In any triangle (ABC) the following nine points are con^ 
cyclic : — {i ) D,E,F the tmd lie pohits of the sides ; ^ /7) P,Q,U 
the feet of the pjrpenliculars from the vertices to the opposite 
sides; (iii) ct, (3, 7, the middle points of the joints of 
the ortho-centre (Oj to the t*ertices of the triangle. 

Join ctF, aE, otD, DF and DE. 

Proof. 1. •/ot, E are tlio mid-points of AO and AC^ 

ctE >is II OC. 

Similarly, ED is || \B. 


A 



2. But •/ L between OC and AB i.e,^ zlaR=a 
rt. angle. 

L between aE and ED, L aED is a rk. L. 

8. Similarly L aFD U a rk. L. And Z.aPD is- 
also a rt. L. 

4. if pn aD as diameter, a circle is described 
it must pass through F, P, E ; i. the circle passing 
through D, E, F, must also pass through a and P* 
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5. Similarly it can be shown that the circle through 
I), E, F must pass through p, 7 and Q, R. 

i,e,, the nine points ct, j3, 7 ; D, B, F ; P, Q, R are 
c(;ncyolic. 

Def. This circle is called the “ nine points ” circle 
and its centre is called the mid-09ntre of the triangle. 

Notk.— It has been proved that aD and /. (3E and 
7 F are all diameters of tin nine points circle. Hence 
*tlu'f>e luip,^ intersect the miPeentre of the tr/a}if/le^ 

Simple properties of the nine-points circle. 
Proposition 6. 

(/). The mid-centre (/Ji) is tl£ mid-point oj the join of the 
'Orthocentre (O'' ond the circunicentre (Sj. 

(// . The radius (^0) 0 / th£ nine points circle is half 
ihe circumradius 

(ui), Th' centroid (G}, the circnmcentre (S), the muU 
centre ani the orthocentre ( 0 } are all collinear, 

(i). The several letters in the figure denote tjn same 
|):)ints as in the ])rocevling figure. Let S be the circa m- 
-oentre. Join OS and SD. 

Proot 1. •/ S is the centre of a circle, of which BO 

4 s a chord and •/ D is the mid-point of BC, /. SD is perp. 
te BC, AP and SD are parallel 


A 
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2. Again •/ PD is a chord of the nine-points circle. 

/. its centre must Uj on the right bisector of PD. 

3. But •/ this right bisector, OP and SD are all 
parallel, the right bisector of PD passes through the 
middle point of OS. 

4. Similarly, the mid-centre must lie on the riglit 
bisectors of QE and FR, and these lines, similarly as 
‘before, pass through the mid-point of OS. 

Hence tiie middle point of OS is the mid-centre. 

(ii) Proof 1. Honc4^ aD lias been proved to be a^ 
diameter of nhe nine-points circle (Prop. 5% it must jiass- 
through /ju, the mid-point of OS, vvhicli has been proved to 
be the mid-centre (Prop. 6, i). 

2. Hence aD and OS bisect each otlier at /x. 

the two L\s /JiaO, fiSD auo evidently congruent, 

i,e., SD = aO~(xA; 

3. Also SD is II to aA, being both perpe.ndicular to BO' 

Da-=SA. 

4. But Da is a diameter of the nine-points circle 
and SA is the radius of the circumcircle. 

the radius of the nine-points circle is equal to half 
the circuinradius. • 

(iii) Proof 1. Join AD; draw aG' || OS, cutting 
AD . at G'. 

In A AOG, aG' is drawn || OG from a, the mid- 
point of AO, /. G' is the mid-point of AG. 

. 2. Again in A aDG'. •/ /jiG is drawn || aG' fr6m 

th3 mid-point of aD, /. G is the mid-point of G'D. 
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3. /. AG=2GD ; AG = |AD ; 

G is the centroid of A ABC. (E.\ 9). 

Henoe, the centroid is coUinear uith the orthocentre, miii^ 
■centre and the ci ream-centre. 

Exercises. 

20. Prove that the trinnslos ABC, OBC, OCA, O.VB have the same 
Tiine-pjint circle. 

21. Trove that EF/Jy, DZa^, i’Dyo are rectangles whose diagonals 
anteresect in 

22. Provo that SG : : ^0 : : 2 : 1:3. 

23. The nine-point circle of an equilateral triangle is its in-circle. 

Proposition 7. 

APOLLONIUS’ THEOREM. 

]a a triangle ABC, If AD is a median^ then 

AB2 AC-' = 2BD2 + 2AD^. 

Draw AP A BC. 

Now whether AP falls within or outside the A, of the 
two Ls ADB, ADC one must be obtuse, and the other 
:aciiie ; let ADB be obtuse. 


A 



Proof 1. ADB is obtuse and DP is the projection 
of AD upon BD, 
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IJ 


/.AB^ » BD^ + AD2 + 2 BD . DP (i). 

a. Again •/ L ADO is acute, and DP is the projec- 
tion of AD upon DC. 

AC^ = AD-’ -I- DC-’ -2 CD. DP (2}. 

3. Adding (1) and (2) and reinoinboring BD= CD 
we have 

AB-* 4 AC- = 2 AD 242 BD-’. 

Note L— Sub-tractiiig (2) from (1) \vo get 
AB2-AC2 =2 BC . DP 

Note 2. -The student will have no difficulty in proving 
the theorem when AP fa'ls without the triangle or coincides 
with a side of the trian trie i 

o 

Exercises. 

2i Provo that four timo.o tho sum of the squuis of the medians 
of a triangle is equal to three times the sum of the squires of its sides. 

25. Thesumof the squares of the dia^oiaU of a parallelogram Is 

equal to the sum ot the squares of its four sides. 

26. If is the middle point of BJ, aul A any other point in AB 
or A B produced, prove that A +AC' = ;1AD' +213Dh 

27. Of two mediaus of a tiiauglc, that n shorter which bisects the 
longer side, 

23. The locud of the vertex of a triangle which has a given base 
and the sum ot the squares on its sides equ d tj a given square, is a 
circle having its centre at tlie middle point of the base. 

29 . In ft triangle ABJ!, tho ba^e AC is divided at P, so that 
m . BP = n . CP ; prove that 

m. AB> + n . AC* « m . BP* + h. CP^ + (m -J- n) AP*. 

Note , — This is the generalised form of the theorem of Apollonius. It is 
•evident that Prop. 7 is a particdlur case of this theorem when 

30. ABCD is ft rectangle and V any point whatever ; prove that 
the squares on PC arc together equal to the squares on PB. PD. 
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31 * The squares on the* sides of a quadrilateral are fogotber 
greater thau the squares on the diagonals by four times the square ou 
the straight line jotiiuig the mid-po.nts of the diagonals. 

Proposition 8. 

THE SIMSON LINE. 

The feet {X, \\ Z) of the per pendir alar. from any point 
(P) ou the Cl r--cnm circle of a triangle (ABCj, to the sides of the 
tnannlcy lie on a straight line. 

To prove that Y, X, Z, are colliuear. Join YX, XZ, 
PA, PB. 

Proof 1. •/ APBC is a cycl'c quadriLteral, 

/. the ex*:eiior. Z PBY = oj>p. intoinal L PAC (/)- 



?. Again*/ ZPYB+ Z PXB = tvvo it. (Hypj. 

/. P, AT, B, X aie concyolic ; 

8. /. Z PBY = Z PXY (in the same segment} fi). 

Pence Z PAC= I PXY from {i) and (li). 

4 . Again, on the same la.se AP, tliere are two A. 9 
AZP, AXP having thcilr verticil angle AZP, AXP having 
their vertical angles AZP, AXP equal (bting rt. Z s). 
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A, Z, X, P are concyclio, 
and /PAZ+ ZPXZ« two rt. 

6. But z:PAZ=: ^PXy(step3) 

ZPXY + ZPXZ = 2 rt. is, hfnoe XYZ is a. 
straight lino. 

iVo;^’. —Tlio line YXZ Is called the pedal line or 
Simeon line of the triangle ABd for the jioiiit P, 

Exercises. 

32. (Converse of Prop. 8,^ If from any point P. perpendiculars 
PXjPY, PZbe drawn to the tides of a triangle, yid it X, Y, Z, are 
collinear, tbc point t must lie on the circumoircle of the triangle. 

33. AD Is prependicular to BC, aside of n triangle ABC; AD 
meets the circuracirclo in Q; provo that tbc Sanson line of Q Ij 
parallel to tha tangent at A. 

34. The pedal line of any point bisoets the line jamng tha 
point to the orlhocentre. 

35 . I is the centre of the fnanglc ABC ; AI meets the eircum- 
circle in R; prove th.at the sirason line of K bisects BC. 

38 . P is a point on the circumeirdc of the triangle ABC 
The pedal line of P cuts AC and BC in X and Y. L is the 
of the prependicular from P on the pedal line. Prove that tha 
rectangles PL . PC and PX , PY are equal. 

37 . What is the sim^D line of A in the figure of Prop. 8 ? 
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Proponrition 9. 

If AB C be a triangle knd A T), the bisector of the 
angle A AB . AO = BD . CD+ AD®. 

Produce the bisector AD to meet the circmncirole 
of A ABC in E. Join EU, 



Proof. 1. In A.^ ABD, EAC, L BAD - Z EAC 


(Hyp.) 

Z a=2= 

/a', 

being iu the 

same segment ; 

2. 

the 

A« 

arc .similar, and 

. BA 
• • AD “ 

EA 

AC 

8. 

/. AB 

. AC 

It 

> 

> 




»AD(AD+DE) 
=AD-’ + AD . DE 
-AD3 + BD . DC. 


BC and AE are two intersecting chords of the 
circuincircle- 

Exoroises. 

38 If the external bisector of the angle 4 meets BO produced 
at D', then AB.AC=»BD^ CD'-AD"». 

4 he 

39. Prove that AD^ " (6 -f c) ' ^ *(*“<*)> a, 6, c are the side0 

.of the triangle and s is the semiperimttcr. 

40. T eve that ED. EA -EC*. 
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Proposition 10. 

7/ ABC is a triangle, anil AD the perpendicular Jrom 
A to BC, and AE, a diameter of the circle, then 

AB . AC = AD . AE. 



Join EI>. 

Proof. 1. Ill tlio As ABE, ACD 7AEB=7C 

(in tbe snine segment); 

rt. 7D =rt. Z ABE (in the senii-cirole). 

2. the As are siniilar ; 

Hence ^ AB . AC=AD . AE. 

AD Ali 


r xeroises. 


4tl. From this propositnon prove that the circumradius = 

where a, 6, c denote the sides of the triangle and A, the area of 
the triangle. 

42* From tbe foimnla in E.^e. 41, find the value of R when 
the sides of the triangle are 21 ft„ 30 ft., 13 ft. Draw the triangle 
OB a convenient scale and check your rcsii't by mea.urcmcnt, 
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PropositioE 11. 

PTOLEMY’S THEOREM. 

Tlie r€Ctan(j]e contained h// the diat/onah of a cijdic 
quadrilateral is equal to the svm of the rectangles contained 
hy its opposite sides. 

It is required to prove that AC . BD = AB . CD + AD. BC. 
Make Z DAE= Z BAC. 



Proof. 1. Now in tlie two A.? DAE, BAC, 

•/ Z DAE= Z BAC (Cons.]; ZADE= ZACB (in tbo 
same segment) ; 


2. tlie A 5 are similar. 


AD AC 
UE"" BC ’ 


or AD . BC = AC . DE f). 


3- Again in the two A 5. DAO, BAE, 

Z DAC= Z BAE { Ls DAE ami BAC being equal) ; 
and ZACD—ZABE (in the same segment); 

the As are similar. 


4. 
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n 

• 5 ® 

” UA" BA ’ 

.-. CD . AB = AC . BE (/,•'. 

6. Adding (i) and (ti) we have, 

AD . BC + CD . AB-AC (DE + BE) = AC . BD. 

Ezeroises. 

43- The rectangle contained by the diagonals of a quadrilateral 
is less than the sum o! the rectangles contained by its opposite 
sides unless the quadrilateral is cyclic. 

^4. P is the point oil the arc BC of the circnmcircle of an 
equilateral triangle ABC. Shew that PB-fPC=»PA. 

45- What does Ptolemy’s theorem become in the particular case 
when two vertices of the quadrilateral coincide? 

46* If the diagonals of a cyclic quadrilateral be at right angl^h, 
the sum of the rectangles contained by its opposite sidas is equal 
to twice tbo area of the quadrilateral. 

47. n C is the middle point of an arc of a tircle whose chord 
is AB, and D is any point on the conjugate arc ; shew that 
AD+DB ; DC ; : AB : AC, 

Proposition 12. 

CtevAs’ Theorem. 

If through the vertices of a triangle ABC thne coju» 
current lines be drawn to meet the opposite sides BC, CA, AB 
in Dj'Ev ^ respectively^ to prove that 
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^ CE ^ 
DC WA ' Ftf 


A 



A 



Let 0 be the point of concurrence 


BD 

Proof. 1. Now («■) 

1 / • ^ bd 

also (»i) 


A ABD 
“ A ACD 
A BOD 
“A lOC* 


2 . 


3. 


. BD A A^ ABOD 
’• DO “ A ACD“ ADOU 

A ABD+ A BOD 
■"A ACD ±. A DOC 


Similarly 


and 



A AOB 

A AOC 

(1) 

CE 

A B.O 

(2) 

EA 

“ A AOB 

AP 

_ A AOC 

(3) 

FB 

A iiOC 


Henoe multiplying (1), (2) and (.3) 
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we have 


BD CE 
DC • EA 



■M) 


Note. The result (A) may bo written as follows : — 
BD .CE. AF=DC.EA.FB. 

Hence this theorem may be enunciated thus : — 

1/ three concurrent strai<jht lines are drawn from the 
angxilar points of a triangle to meet the opposite sides,, 
then the product of th'ee alternate segments taken in order 
is equal to the product of the Oliver three segments. 


Proposition 13. 

CoNVERSE*OF CeVa’.S THEOREM, 

Jf D, E, F be points in the sides BC, CA, AB of 
the triangle ABC such that 

BD CE A^ 

DC ' EA ' FB 
then AD, BE, CF are concurrent. 

Proof. 1. Suppose BE, CF meet in 0, and suppose 
AO (produced if necessary) cut BC in a point D', 

2. Then since AD', BE, CF are concurrent 
the previous theorem 


by 


AF 


FB 


= 1 


3. But 

4. 


^=1 IHyp) 


BD' CB 
B'C ‘ EA 
BD 

DC ■ EA 
BD' ^D 
D'C^DC 

6 . Hence D and D' coincide (since the point of 
internal division of a st. line in a given ratio is unique) 
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AD,, BE, CF are concurrent. 

— The converse theorem may also be stated 

thus : — 

If three straight lines drawn from the vertices of a 
triangle cut the opposite sides so tJiH the product oj three 
atfernate segments taken in order is equal to the product 
of the other three segments, then the three straight lines 
are concurrent. 


Exercises. 

48 . The three medians of a triangle are concurrent. 

49 - The three altitudes of a triangle are concurrent. 

50 - The bisectors of the three angles o! a triangle are concurrent, 

81 . The straight lines joining the vertices of a triangle to the 

points of contact of the inscribed circle with the opposite sides are 
concurrent. 

52 . The escribed circles of a triangle touch the sides opposite 
to the angles A, B, C in A', B', G' respectively ; prove that 
hk\ BB', CC' are concurrent. 

53 . The lines from the vertices of a triangle to the points of 
contact of an escribed circle are concurrent, 

54 . If AF : FB =* AE : EC, show that the line (joining A to the 
intersection of BE and CF is a med'an. 

55 . are points on BC such that B.r *■ x'c. The points 
y% y' ; we similarly rtlated pairs of | olnts on CA, AB. If 
A.t, B^, Ce are coucumnt, so also are Ai', By', C«'. 
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Proposition 14. 

Ms-nslaus’ Theouem. 

If a transversal cut the sides BC, CA, AB oj (t- 
triangle ABC in D, E, P respeclivelg, to prove tint 
DB CE AF , ,, . 

OC- EA • FB'"^ 




Proof. 1. Suppose the lengths of the- perpeiidioulard. 
from A, B, C upon the transversal to be p, g, r respec- 
tively. 
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2. •/ As AFir, BFy are ^similar 

• _ P 

• • FB “ 7 ••• 

3. Similarly, by similar triangles, 

CE _ r 
EA" /) ”• 

q 

b(J“ r "• 


and 


•d) 

.( 2 ) 

.(3) 


4. Hence inn]ti})lying (1), (2) and (3) we have 
DB (/E AE q r P 

nC • E A • FB “ r ^ ^ 7 “ ^ 

Note : — From the ahovo we have 

DB . CE . AF = DC , EA . FB. 

^hich may be expressed as- follows : — 

If a Uraiglit line in drawn to cut the sides or the 
Mdes produced of a triangle the product of three alternate 
segments taken in order is equal to the product of the 
other three segments. 

Proposition 16. 

CONVERSB OF MeNELAUS’ THEOREM. 

If D, E, P he points in the sides BC, CA, AB m- 
pectively of the triangle ABC such that 
BD ^ A^^ 

DC ' EA ' FB “ 
then D, E, F are collinear. 

Proof, 1. Join EF and suppose it produced to 
.meet BC in D'. 

Now 


2 . 


3. But 


D', E, F are collinear 


. BD' CE AP , 

•* LAT ' fiA • 

(1) 

BD CE AF , 



DO • EA * FB 
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4. Wbenco 

BD' BD 

5. D and D' ooinoide (since the point of internal 
or external division of a straight line in a given ratio is 

o O 

fnniqne.) 

6. Hence D, E, F are collinenr. 

Notei’^The converse theorem may also be put in the 
following form : — 

If three points are tthen in tico sides of a triangle and 
ihe third side produced o/; in all ihe three sides produced so 
that the product of three alternate segments taken in order 
is equal to the product of ihe other three segments^ the three 
points are collinear. 

Remark —In proving Ceva’s and Monelaus’ theorems 
nnd their converses, we have taken no account of the 
•signs of the lines. If the signs he taken into account', 
some of the ratios would be negative, and in Menelaus’ 
Theorem the product of the ratios would bo negative; 
The student is referred to the note on “ Different 
BlgQS Ot lines ” preceding Euler’s Theorem. 

* Exercises# < 

56. The bisectors of the ihree external angles of a triangle 
meet the opposite sides in three points, •which are collinear. 

57* The bisectors of angles B and C meet the opposite sides 
in Q, B, and QR meets BO In P ; prove that AP is the exterior 
bisector of the angle A. 

58. a,)8, yare-the juid-points o£,the sides ot a triangle ABO; 
Aa meets in P ; CP mU'^TtKiB Q. Bh.w that AQ=J AB. 
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59. If the taDgents at A. B, C of the circumcircle of the triangle 
ABC meet the opposite sides in D, E, F respectively, ghew that 
BD : CD — BA* : AC*. Hence prove that D, E, F are collinenr. 

De/iuition -\[ every point on n line or group of 
lines satisfies a given geometrical condition and no other 
point does so, then that line or group of lines is called 
the locus of tlie point satisfying that condition. 

In order to completely establish that a certain line 
or group of lines is the locus of points satisfying a given 
condition wo must prove tWO things : — 

(/). Any point thiit satisfies the gi'^en condition lies 
on tlie line ; 

(ii). Any point on the line sathjies the given condition. 

Proposition 6. 


APOLLOxXlAN LOCUS. 

The locus of a point (P), the ratio of ichose di^lanc-es 
(PA, PB} from two given points B; is equal to a 
I 


giern rath ^ circle. 
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f T> I » — ? 

i i> nu 

if Is r^ipd^wl to p\yve that V lies on a circle. 

Let tlio internal and external bisector of L APB 
meet AB in 0 and D. 

Proof. 1. Then */ PC hidocts Z APB ; 

A( ’ AP I 

Bu = PE = 


2. Similarly = tlic given latio. 

3. Biit •/ A and IPaio fixed points, /. 0 rtnd D 

are also fixed. * 


4. Also •/ PC and PD bisect the Z APB internally 
and externally ; 

.*. CPU is a rt. Z. 


Hence, P lies on a circle described on CD as diameter, 
since the Z iii a semicircle is a rt. Z . 

{it}. If Q be any other point taken on this gircle, 
to prove 

I 

QB VI 
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Proof. 1. 


XT / N ad I 

Now 0) ,tr= ,7* 


DB' 
AO 

00 = 


I 

111 


2 . 


AD_AC_AD-AC’_ CD _2DO 
DB'OB-DB— CB~2BO“2BO 


m QO 
BO “BO 


^ , . AD AO AD+AO 2AO AO 

Again 3 - Q y = DbTcB “ 200 " CO 

4. .. = (from steps 2 and 3) 

• ao_co_do 

*' QO~BO“BO* 

B. Now in the two tiiangles, AOQ, BOQ 


UQ~BO 

and the included L BOQ is common. 

6. the two triangles are similar 

Hence L BQO= L A (1) 

7. Again L OQC= L OOQ 

= Z A + Z CQA (2) 


8. /. L OQG- L BQO = (Z A+ L CQA)- Z A. 
Zr., Z BQC-Z OQA 
Z BQA is bisected l»v CQ 
. AQ A(; / 

•’ Q13“0B“ m 

'Hence the circle described on CD a.s diameter-^ is 
the locus of a point P wliich moves in such a manner 
AP 

that the ratio -pjj=- constant. 
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Eieroises; 

60 « Find a point whoso distances from three given points shall be 
to one another in the ratio of three given length^. 

61* Construct a triangle having given one side, the angle opposite- 
to that side and the ratio of th3 other two sides. 

62. A and B are fixed points. Another p )int P moves so that PA is 
always equal to 3 PB. Provo that P lies on a circle whose diameter is 
equal to i AB. 

Proposition 17. 

HOMOTHETIC FIGURES. 

Any two similar reciiUneal figures may he so placed that 
the lines joining tlteir c<9r res ponding vertices are concurrent. 
Let ABCD, A'B'CO' be similar figures. 




Place the figure A'B'C'D' in such a manner that A'b' is 
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II AB ; then.\ L L M and Z B= Z B', /. A'D' andB'C' 
^hall bo II AD and BC respectively. 

Similarly it follows that D'C' is || DC. 

It is iioic required to q^rove that icfien correspondi ng sides 
of the given figures are jj the)x A A', BB', CC', DD' are 
concurrent. 

Join AA\ and divide it extcrnaUi/ at 0 in the ratio of 
AB : A'B' ; i. e., AO : A'O » AB : A'B'. 

Join OB, OB' ; it will he proved that OB and OR' are in 
the same straight line. 

Proof 1. In the A 5 OAB, OA'B', AB is || A'B', 

ZOAB = Z OA'B' ; and by construction 

OA:OA' =AB: A'B'; 

2. /. the As OAB, OA'B' nro eqniangnl ir, 

i. e., L AOB = Z A'OB', and hence OB, OB' are in the 
«nnie straight line ; /. e,, BB' passes through 0. 

3. Similarly CC', DO' may be shown to pass through 
0, .'.AA', BB', CC', DD' arc concnrrenf. 

Note 7. — 'Ihe two figures might be placed outside each 
other, but observe that in both the cases, the joining lines 
A A', BB', CC', DL' are all divided ektornally at 0 in the 
ratio of any pair of corresponding sides of the given figures. 

Note 2.— In placing the given figures so that the corres- 
ponding sides are parallel two cases may arise : 

(i) the corresponding sides nro parallel and drawn in 
the same direction, as in the figures given above ; 

(ii) the corresponding sides are parallel but drawn in 
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opposite directions as in Figures given below . 



In this case, 0 divides AA', BB', &c., iutemally in the 
ratio of corresponding sides. 

I)e/\^-~The point O i^ called a centre of similarity or hnmo^ 
thetic centre ; and similar figures thus placed are said to be 
homothetic. 


Exercises. 

63. Inscribe an equilateral triangle in a given triangle, having one 
fiide parallel to a given side o! the triangle. 

64. In a given regular pentagon inscribe a square, so. ^hat one side 
of the square may be parallel to a side of the pentagon. 

66 . In a given triangle inscribe a square. 

Note. The primary idea of similarity is likeness of 
shape. 

In order that two polygons may. .be similar, the two 
essential conditions are : — ^ . 

(/)• For every angle in ,one of the polygons, there 
must be an equal anjgle in the other. 

(//). The ratio of corresponding sides (which lie between 
pairs of equal angles) are also equal. 

In the case of t\yo triangles any one of the conditions sta^ 
ted above involves the other but such is not the case 
• witih other polygdnsi 
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Proposition 18. 

Simi’ar ‘polygons can he die'uled into the same tiumher 
of stniUar Priang'es ; and the li'ies joining corresponding 
ertic(s a'e proportional. 


D 



Let ABODE, A'B'C'D'E' be two similar figures, the 
vertex A corresponding to A', B to B' and so on. 

Join AC, AD; A'C", A'D'. 

Jt is required to prove that, 

(C. ABC, A'B'O' are similar ; so also other pair ; 
(ji). AB : A'B' = AC : A'0'=AD : A'D'. 

Proof. 1, •/ Tbe figures ABODE, A'B'O'D'K' are 

similar .”. ^a). L B= Z b' 

and (6). AB : BC^A'R' : B'C'. 

2. Hence tbe As. ABO, A'B'O' are similar. 

8. Again •/ (a). L ACB*= Z A'C'B' 

(As ABC, A'B'O', being similar 

and (t). whole Z BCD = whole Z. B'C'D' 
(Figs abode, A'B'C'D'E' being similair* 
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the remaining 
4. Now 


Z ACD= remaining 
AG ^C' 


L A'C'D'. 


BO ]yc 

OD^t'i/’ 


6 . 


multiplying 


A0_A'C' 

CD'tJ'D' 


ami L ACD=Z A'O'D'... ..(Step 3). 
Hence A.«. A CD, A'C'D' are similar. 


6. Similarly it can be shown tliat 

As ADE, A'D'E' are similar. 


(ii). 


Proof. 1. 


AB _ AO 
A' O' AC' 


(As. ABC, A'B'C' being similar. 


2 . 


A'C' 


AD 

A'D' 


(As. ACD, A'C'D', 


b.i’'g .similar.) 


8 . 


^5 = -^ AP 

A'B'“A'^''" A'D' ■ 


iVatf*. — The polygons may al.so bo diviilecl into the 
same number of similar triangles by joiniiig their vertico.s 
to a point within the polygoms. We leave the con.struction 
and proof as an exercise to the student. 
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Proposition 19. 

Arc% of a circle are proporthnil to the angles ciibtended 
hj them at the centre. 

Let th3 »ro3 AB, A'B' subtend angles a, a' at the 
centre O of the circle. 



Ter prove that arc AB : arc A'B^= L a : L ct\ 

Suppose the arc AB : arc A'B' = m : n ; (1) 

so that if the arc BA is divided into m equal parts, 
then the arc A'B' may be divided into n such equal 
ports. Draw the radii to the points of division of the arcs 

AB, A^'. 

Proof. 1. Now Zs a, a' are divided into Zs, 
which stand on equal arcs and are, therefore, all equal. 

2. And of these equal Z s, a oontiins m ; a' contains a; 
/. La: La* ^ m : u. 

3. /. arc AB : arc A'B' « Z<t : La* from (1). 

Cbr. 1. Since angle at the centre U double of the 
corresponding angle at the circumference, therefore arcs, 
of a circle are also proportional to the angles subtended 
by them at the circumference. 
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Cor. 2. Since in a circle, sectors which have equ«al 
angles are equal, it may he proved as above that the 
sector ACB ; the sector A'CB' *= arc AB : arc A'B'. 

Cor. 3. In equal circles, angles (whether at the 
centres or circumferences) and sectors have the same 
ratio as the arcs on which they stand. 

Deflaition. Two quantities are said to be income 
msusurcbhle when they have no common measure. The 
sitla ii vi diagonal of^a s<iinro are such quantities. An 
incommensurable nnmhir is om wliose value can not bo 
expressed as the ratto of two integers. Tlie value of 
snch a number can not bo found exactly, it can be 
found only approximately. are examples of such 

numbers. 

The above proof is applicable to the case when arcs 
AB and A'B' are commensurable when the arcs are 
incommensurable, the proof is more difficult as involving 
the theory of limit. In elementary geometry this diffi- 
culty is got rid of by saying that by taking the unit 
of measure infinitely small wo can make an incommen- 
surable magnitude* prac(jco% oominensarable. 

THE RADICAL AXIS. 

Def . — The locus of points from which the tangents 
drawn to two given circles are equal is called the Radioal 
Axis of the two circles. 
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Proposition 20, 

To find tlie radical axis of two given circles. 

Let 0 and 0' be the centres of the given choles, 
whose radii are r aad / ; and let P be any point such 
that the tangent PT drawn to the circle (Oj is equal 
to the tangent P'F drawn to the circle (O'). 


P 



It is required to find the locus of P, 

Join oo\ PO, PO', or, O'r. 

From P draw PM perp. to the lino of centres 00'. 

Proof. 1. Now PT=pr', Kr^=pr^. 

2. But 1^2 =01*2 since Z T is art. Z. 
Siindarly JT2 ==0'^^- 

3. /. 0P2^r2=0T2-/2; 

PM2-h0M2-r2=:cPM2+0'M2-/-^ [Pythagoras’ theo- 

rem.] 

4. Hence 0M2^r2=0'M2 
i.e., 0M2^0'M2 = r2-r'2 ; 

6. 00' is a fixed st. line and r, / fixed lengths, 

•*. M is a fixed point. 

Hence all points from which equal tangents can be 
drawn to the two circles lie on the straight line which 
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cuts 00' at right aiigle% such tliat the difference of toB 
squares on the segments of 00' is equal to the differenoo 
of the squares on the radii. 

Hence PM is the required radical axis. 

Cor, 1, By tiking any p )int in PM and by retra- 
cing the step^ of the pr)of, it may be shown that 

tangents drawn from tliat point to the two circles are 
equal. 

Cor, 2, When the two circles interesect, it is evident 
that tangents drawq to two inter- 
secting circles frotn .any point in 
the common chord 4)roduoed are 
equal. The oomnion chord, accor- 
ding to the definition is uot 
the radical axis. ho ])art of tlm 
common chord ])roduced eitlier side 
is the radical axis. 

Cor, 3, If K is the middle point of 00', it may 
be shewn that 0M- — 0'M-=2 00' . KM, thus ojiving the 
position of the point M with re'^pect to the middle 
point, of the lino of centres. 

— The foilovving figure shows the ])OsItion of the 
radical axis in the case when one of the circles falls within 
the other; — 
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Proposition 21. 

The radical axes of three circles taken in pairs Are 
concur mu ^ 


X 



Let (A), (Bj, (C) bo <be three circles. Suppose 
OX is the radical axis of circles (A) and (B), and Oy 
the radical axis of circles (A) and (C). 

It is required to prove that the radical axis of circles 
(B) and (C) passes through 0. 

From O draw OP, OQ, OR tangents to three circles. 

Proof. 1. Then •/ 0 is a point on the radical ajsis 
of circles (A) and (B), 

OP=OQ. 

2. Again •/ 0 is a point on tie radical axis of 
circles (A) and (C), 

/. OP=«OR. 

OQ = OR ; i. e., 0 is a point oa 
the radical axis of circles (B) and (C). 
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8. /• the radical axis of (B) and (C) passes throngh 

O, and hence the three radical axes are concurrent. 

Note.^^lt will be found that tlie point 0 is either 
without or within all the circles. If the given circles 
intersect in such a way that 0 is within them alh then 
the radical axes are the common chords of the circles 
taken in pairs, and It cm ho easily shewn that these 
common chords are concurrent. 

Def. The point of intersection of the radical axes 
of three circles taken in^ pairs is called the radical centre. 

c% 

Exercises. 

66. Prove the validity of the following construction for Ibe rndi- 
cal axis of two circles. Draw any circle to cut one of the circles in 

P, ?' and the other in Q, Q' , produce bP', QQ' to meet at 0 ; draw 
ON porp. to the line of centres. Then ON ts the rndical axis of the 
two circles. 

67 . Shew that the rrdieal axis of two circles bisects any cf tbe.r 
common tangents. 

68. If three circles touch one anol her, taken two and two show 
that their common tangents at the points of contact are concurrent, 

69 . If circles are described on the three sides of a triangle as dia- 
meters, their radical cerJ;re is the orthocentre of the triangle. 

70 The difference of the squares on the tangents drawn from 
«ny point to two circles is equal to twice the rectangle contained 
by the line joining their centres and the parpendicular from the given 
point on their radical axis. 

71 . In the case of each of the following pairs of circles, and 
the ratio in which their rad 'cal axis divides the lines of centres. Make 
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of R and R' are the »adii of the circles and d 

the distance between thejr centres : — 

(?) R = r, R' =* d = 7"; 

(??) R = 3% R' = 2', = 5"; 

(t/?) R 2", R' == r, d = 2 5^; 

{lo) R = 2", R' = r, d = r , 

(e) R = 1-8", R' r, d = 0. 

72* Whit IS the riJical axis of two circles which touch each 
other 

73 If the c ntres of thiee circles are collinear, where is 
thiir r lineal centre Wjerjis the lad calc ntre of thieJ circles, two 
of which are concentric 

Different Signs of “ Lines. 

Tin alj^^braioiil si^ns of + and — may bo veiy con- 
veniently i n trod lie- d into geometrical investigations and 
in order to do tins nvo must assume that a geometrical 
line po^s'^sos both magnitude and ^ign. 

L'R us take an indefinite straiglit line passing tlirongh 

X, 

thv^ point 0, 0x*;9n ling oi both sidis of it — the point 0 is 
called the origin. 

Wo assume, for the sake of conve iiencB that lengths 
nmsiirol in tin direction OX are positive and hence 
lengths nnisirol in tin oppodte direction OX' are negative. 

A<rain, if the lire AB measured from A to B is 
reckoned positive, then the line BA, measured from B to A 
is to be considered negative. Thus AB= — BA. 
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It is clear from the above figure that 
AB = OB-OA. 

The above relation holds good even when the point 
A is on the opposite side of ( for in that case, 



OB - OA = OB + AO 

= AO 4- OB = AB. 

We sliall apply this convention in proving the follo- 
wing theorem. 

Proposition 22. 

ElLFll's Tiibobkm. 

1/ A, B, C, I) hii U’ly fi) ir collinea.)' points, th^n 
AB . C.-AAD . CO+AC. DB = 0. 



Take A as origin, and let AB = *, AC = y, AD = z. 

Then CD = AD - AO = ^ - y ; 

B(J = AC - AB = y - J! ; 

DB =- BD =- (AD - AB; = 

AB . CD + AD . BJ + AC . DB 

= » (- ('-«). 

= •‘Xy +yr-a!^-y; +0-^=0. 
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Exeroi8«s> 

74- n M is the middle poin^ of the line A6 and O anj other 
point on the line, then OM = } (OM -|- OB). 

75. If A, B, C be any three col.inear pointg, then 

BC + CA + AB = 0. 

76. If A,B,C,D be four collinear points, then in whatever way 
they may be .• rranged 

AB + BC + CD + da = 0. 

Miscellaneous Exercises. 

77. The ►tvaight line joining the orthocentre of a triangle to 
any point on the clcumftrence of its circamcircle is bisected by 
the pedal of that point. 

78. Bisect a quadrilateral by a straight line drawn through an 
argular point. 

79. Every straight line which ptsgcs through the extremities 
of two parallel radii of two tixod circles passes through one or other of 
two fixed points. 

80. Find a point in a given straight line siich that the sum 
of its distances from two given points on the same side of it, shall be 
a minimum. 

81. The pedal triangle is a triangle of maximum peiiraeti r which 
can bo inscribed in the original triangle. 

82* Given the base and vertical angle c f a triangle, find the locua 
of the incentre. 

88 . Prove that the nine points circle touches the iuscribed 
circle. 

84. Through one cf the points of intersection of two given 
circles draw the maximum straight line terminated by the cir* 
cumferencGB. 

85. The base and area of a triangle being given, find the locus of 
its oentroid. 
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88. The base and vertical angle of a triangle being given show 
that the locos of the centroid is an arc of a circle* 

87 . Describe a polygon simihr to a given polygon, but of half its 
area. 


88 . Construct a triangle, having given its pedal triangle. 

89 . Prove that the radius of the circle wV.ich passes through the 
middle points of the sldwof a triangle Is equal t) half the radius of the 
circle which passes through the angular points. 

80 . ABCD is any quadrilateral, and 0 the point of ii ter* 
section of the straight lines jqining the middle points of pairs of op* 
positc sides. If P is any poiiy, then 

PA* + PB* + PC* + PD* =OA» + OB* + OC»+OE* +4 OP*. 

91 . Find a point such that the feet of the four perpendiculars 
from it to the sides of a given quadrilateral may be colli near. 

92 . The four circumcircles of the four triangles formed by 
four straight lines, no two of w’hicb are parallel, have a common point 
of intersection. 

93 . Circles are describeil on the sides of a triangle as diame- 
ters, prove that the radical centre of these circles is the orthocentre 
of the triangle. 

91 . ABCD 18 a quadrilateral, and X the middle p'lint of the 
straight line joining the bihccticn of the diagonals; with K as 
centre cny circle is described, and P is any point on this circle; 
shew that PA* 4* PB* + PC* + PD* is constant, being equal to. 
XA* + XB* 4^ XC* + XD* 4* 4 XP*. 
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Bints for the Solution 

OF 

Blisoellaneous Exeroises< 

77 . ABC is a A. H is orthocentre. P, any point n arc BO. PL is per- 
pciLlicular to BC and PM perpendicular to AC produced. ML produced 
meets HP at Q. AD is perpendicular to BC and meets the circle at K. Jquu 
EP, pro<luce it to meet BC produced at K and L^M produced at K Join 
HK, PC. A HDK = A EDK. angle HKD - angle EKD -= C^mp. of 
angle PLM = angle IMLG, IIQ 1 KH. In .A Ki.F, RL = RK = RP. 
Hence &c., «Scc. 

78- A BCD is quadrilateral. Join AC, BD Biseot BD at E. 
Draw EP H AC meeting BC at F. Join AP. liien AP bisects the given 
figure. Join AE, CE. 

79. The two fixed po tilth ji re where the line of centres is divided 
internally and externally in the ratio of the rad i. 

80. P. Q are the given points. From P draw FA perpendicular 
to the given line and from FA produced cut off AB = PA. Join BQ 
cutting the giytn line at O. Then O shall bj tbj point required. 

81. Apply Exs. 14 and 80 , 

82. Anglo A is given, I is incentro. Fr:ve that angle BIG =» one 
rt. angle -f 4A and locus of I is the arcr^jf a segment on BC. 

83 The distance between the centres of the circles is equal to 
the differoucG of their, radii. 

84. It ih j' to line of centre^. 

85 The altitude is given ; .». the locus is a straight line |i to the 
base at a distance of J of the altitu le from the baSc. 

86. BC the given bas\ Cut o.'T DB" DB and DC' =- J DC. 

Join B'G, O'G. A B'GC' is equiangular with ABC. .-. locus of G Is a seg- 
ment on B'C^ similar to tho segment on BC, 
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87- ABO D is polygon. Bisect AD in E, draw EL perpendicular 
to Ab and = AE Cat off AD' from AD and = AL. Join AC. Draw 
I/O', C'B' 11 DC, CB. AB'CD' is the required polygon. 

88. The incentro of me pedal A it. the orthocentre of the 

original A. 

89. Follows from Ex, 3. 

Apply Prop. 7 to the A? PAB, PAG, OAB, OCD, and remem- 
ber that O 18 the middle point of the joins of the midpoints of 
Opposite sides. 

01. Produce two sides of the given qaadnl iteral to make a 
triangle with a third side. Obtain two su^li triangles. Draw their 
oircumcircles. The point of intersection of these circles is tha required 
point. Apply Simson’s line. • 

• 

02, Draw two of the circles. Take one of the poinbi of intersec- 
tion ; from these draw four porpcndiculirs upon the four straight lines. 
Then apply converse of “ The simson line.” 

93. Besides the vertices A, B, G these circles intersect in 
L, M, N, the feet of altitudes. Henco AL, BM, CN, are the radical 

axes. 

01 . Apply Prop, 7U A? X.VC.X3D ; APC, BPD. Add and 
compare results. 







